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Abstract 

The first-order formulation of the principal sigma model with a 
Lie group target space is performed. By using the dualisation of the 
algebra and the field content of the theory the field equations which 
are solely written in terms of the field strengths are realized through 
an extended symmetry algebra parametrization. The structure of this 
symmetry algebra is derived so that it generates the realization of the 
field equations in a Bianchi identity of the current derived from the 
extended parametrization. 

1 Introduction 

The dualisation or the first-order formulation method p] of supergravity the- 
ories has been used in [2] and [3] to construct the extended coset realizations 
of the symmetric space sigma models [4J [5j E| - Furthermore the dualisation 
of the symmetric space sigma model with matter couplings is performed in 
[7j. In this work we consider the principal sigma model [HI El Ell El 02] 
with a Lie Group target space in its Lie algebra parametrization. By us- 
ing the Lagrange multiplier method which treats the field strengths of the 
scalar field content of the theory as fundamental fields we will derive the 
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first-order field equations. Then by taking the exterior derivative of these 
equations we will obtain the second-order field equations which can be ex- 
pressed only in terms of the field strengths. Afterwards we will use these field 
strength containing field equations to achieve the dualisation of the theory 
in which we double the field content and extend the symmetry algebra. We 
will show that the above-mentioned field equations can be realized through 
introducing a parametrization generated by the doubled field content and 
the extended symmetry algebra such that the Cartan-form associating this 
extended parametrization leads us to the second-order field equations of the 
field strengths by satisfying the Cartan-Maurer equation which is a Bianchi 
identity. From another point of view we will derive the structure of the 
extended symmetry algebra so that the above picture is justified. We will 
also denote that the first-order field equations can also be obtained from the 
dualized Cartan-form via a twisted self-duality condition which is satisfied 
by it. Section two is reserved for the first-order formulation of the theory 
whereas section three will present the dualisation. 



2 First-Order Formulation 

In this section starting from the Lagrangian of the principal sigma model 
[H [H [TOj EH [12] by using the Lagrange multiplier method we will derive 
the first-order field equations of the theory. The Lagrangian of the principal 
sigma model whose target space is a Lie group G can be given as 

C=±tr{*dg- 1 Adg). (2.1) 

In the present work we will consider the exponential parametrization of the 
group G thus we will assume that the group map g in the above Lagrangian 
is the exponential map 

g = e^ {x)T \ (2.2) 
Specifically to define the above map we first introduce 

h : M — ► G, (2.3) 

which is a different iable map from a D-dimensional spacetime M into the 
group G. Then we consider a representation 

/ : G — > Gl(N, E), (2.4) 
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of G in Gl(N,M) for some N which may be taken as a differentiable homo- 
morphism. Thus finally g which is defined to be the composition of (12.31) and 
(12.41) becomes a matrix- valued function on M. In ( 12.21) for i = 1, • • ■ ,dimG 
{Tj} are the generators of the Lie algebra of G and the fields {tp l (x)} are 
the scalars on M. On the other hand the trace in (12. ip is over the matrix 
representatives of the matrix representation (12.41) . Now by using the matrix 
identities 

g^dg = -dg~ l g , dgg~ l = -gdg' 1 , (2.5) 
we can express the Lagrangian (12.11) in terms of the invariant Noether current 

Q' = g-'dg, (2.6) 

as 

C = ~tr(*g'Ag'). (2.7) 

Again by making use of the identities (12. 5p one can show that the Lie algebra 
valued Noether current 

Q' = F m T m , (2.8) 

satisfies the Bianchi identity 

dS' + Q' A Q' = 0. (2.9) 

At this stage we may adopt the formulation of [3J where the Noether current 
(12.61) is explicitly calculated in terms of the scalar fields {(^(x)}. It reads 

Q' = W m n d^ n T m , (2.10) 

where the dimGxdimG matrix W can be given as 

W = (I -e- M )M-\ (2.11) 

In the above expression the matrix M is defined as 

M n m = (2.12) 

where we use the structure constants of the Lie algebra of G defined via 

[Tm,T n ] = C l mn Ti. (2-13) 
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The coefficients of the algebra generators in (I2.1(jp become elements of a 
standard kinetic term if (I2.1(jp is inserted in (12.71) thus we may simply call 
them the field strengths of the scalar fields {(p l (x)} and they read 

F m = w m n dy n . (2.14) 

The second-order field equations of the Lagrangian (12.11) are already obtained 
in terms of the scalar fields in [13] . However in the following formulation for 
their relevant advantageous role in the dualisation of the theory and for their 
own right we will use the Lagrange multiplier method to derive the locally- 
integrated first-order field equations of (12.11) . For this purpose we will focus 
on the field strengths (12.141) . Now if we insert (12.101) in the Bianchi identity 
(I2T9D we get 

dF m T m + F m A F n T m T n = 0. (2.15) 

By using the properties of the wedge product and also by doing index redef- 
initions the second term in (12.151) can be written as 

F m A F n T m T n = W m k W T \d^ k A dy l T m T n 

= 1 -F m AF n [T m ,T n ] (216) 

= \c l mn F m A F n T h 

After inserting this result back in ( 12 . 151) if we equate the coefficients of the 
generators which are linearly independent to zero we can write the Bianchi 
identity in terms of the field strengths as 

dF l = -\c l mn F m A F n . (2.17) 

To derive the first-order field equations of the Lagrangian (12.11) instead of the 
scalar fields {tp l (x)} we will treat their field strengths (12.141) which satisfy 
the Bianchi identities (12.171) as independent fields. For this reason we will 
construct a Bianchi Lagrangian starting from the identities in (I2.17P which 
can be considered as constraint relations on the field strengths. Now for each 
F l after introducing a Lagrange multiplier A\ which is a (D — 2)-form we can 
write the Bianchi Lagrangian as 

CBianch* = (dF l + \c l mn F m A F n ) A A. (2.18) 
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As we have mentioned above the Lagrangian (12.1 1) can also be written in 
terms of the field strengths as 

£ = -~ * F m A F n T mn , (2.19) 

where we introduce the trace convention of the matrix representatives of the 
generators as 

T mn = tr(T m T n ) 1 (2.20) 

which is obviously symmetric. The total Lagrangian in which the field 
strengths replace the scalars and in which they can be treated as independent 
fields can now be written as 

£tot = -~ * F m A F n T mn + (dF l + ]f l mn F m A F n ) A A t . (2.21) 

If we vary this Lagrangian with respect to the Lagrange multipliers A\ we 
obtain the Bianchi identities (12.171) . However varying the above Lagrangian 
with respect to F l will give us the desired first-order field equations. If we 
do so the corresponding field equations of F l from (12.211) can be derived as 

(-l) D T ml * F m = -dA l - C$ n F n A A k . (2.22) 

Clearly these equations are first-order in terms of the scalar fields {ip l (x)} 
and the (D — 2)-forms Ai are completely arbitrary so that one can run them 
on the entire set of (D — 2)-forms to obtain the general solutions of the theory. 
In the next section we will also need the second-order field equations solely 
in terms of the field strengths F l which have a key role in the dualisation 
of the theory. For this reason we will also derive them here by taking the 
exterior derivative of (I2.22p . If we apply the exterior derivative on both sides 
of fl2T22|) we find 

(-l) D T ml d(*F m ) = -{-\) D dF n A *F m T mk + \c k ln C n uv F u A F° A A k 
- CtCtF n A F v A At, 

(2.23) 

where we have used the Bianchi identities (12. 17ft and the first-order field 
equations (12.221) again. Now by using the Jacobi identities 
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after some algebra one can show that 

l -CtC n uv F u A F v A A k = CtC{ v F n A F° A A t . (2.25) 

Thus the last two terms on the right hand side of (12.231) cancel out and in 
terms of the field strengths F l we have the final form of the second-order 
field equations 

d{T ml * F m ) = -CtT mk F n A *F m . (2.26) 



3 Dualisation 

In this section we will follow the dualisation method of [1] to construct an 
enlarged exponential parametrization of the theory which will give us the 
first-order field equations (12.221) in a geometrical formalism. We start by 
introducing the dual fields {tp 1 } which are (D — 2)-forms. We will also in- 
troduce the dual generators {TJ} which will couple to the dual fields in the 
extended exponential map. We will assume that the generators 

{Ti,f t }, (3-1) 

form up an algebra. Of course from fl 2 . 1 3 [) we know the commutation re- 
lations of the generators {7}} which constitute a sub-Lie algebra in the ex- 
tended algebra generated by (13.11) . We will assume that the algebra of the 
generators (13 .ip has a Z 2 grading. The generators are chosen to be odd if the 
corresponding coupling field is an odd degree differential form and otherwise 
even. Thus {7}} are even generators however {7}} are even or odd depending 
on the dimension D of M. In the construction of the extended exponential 
map which will be based on the generators (13.11) we will make use of the 
differential graded algebra structure of the differential forms and the field 
generators. Within the differential graded algebra structure the odd (even) 
generators behave like odd (even) degree differential forms when they com- 
mute with the exterior product. The algebra products of the odd generators 
obey the anti-commutation relations on the other hand the algebra products 
of the even ones and the mixed ones obey the commutation relations. Now 
let us define the map 

and consider the Cartan-Maurer form 

G" = {g')- l dg'. (3.3) 
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Our aim will be to derive the algebra structure of the generators (13.11) so 
that when the Cartan-Maurer form (13. 3p is inserted in the Cartan-Maurer 
equation 

dQ" + Q" A Q" = 0, (3.4) 

which is a Bianchi identity for Q" it yields the second-order field equations 
(1X26|) . Now after substituting Q in Q we get 

Q" = e-^G'e^ + e-^de^. (3.5) 
By using the matrix identities 

e~ c de c = dC- ±[C, d<7] + i[C, [C, dC]] 



(3-6) 



- x Ye x = Y-[X,Y] + ±[X, [X,Y]} 



one can further simplify ( 13.51) however we will postpone this derivation at 
this moment and before dealing with it we will mention about some crucial 
remarks on the algebra structure and on G" ■ If we follow the above-mentioned 
track of deriving the algebra structure at first glance we observe that to obtain 
the correct form of field equations from (13. 4p we must have 

[T j ,T h } = 0. (3.7) 

This is a general feature of the dualisation of the field theories. Another fact 
about the doubled-formalism of the field theories is that we should require 
that G" will obey a twisted self-duality condition 

* G" = SG". (3.8) 

This condition results in the first-order field equations (I2.22j) of the theory. 
Here S is a pseudo-involution of the generators in (13. ip . In general S maps 
the original generators onto the dual ones and the dual generators are mapped 
onto the original ones with a sign factor. When applied twice on the original 
generators it has the same eigenvalues ±1 with the action of the operator 
* • * on the corresponding dual field strengths of the dual potentials [1] . Thus 
STi = (— l)(p(- D- p)+ s )Tj where p is the degree of the dual field strength and 
s is the signature of the spacetime. The degree of our dual field strengths 
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corresponding to the dual generators is (D — 1) and if we also assume that 
the signature of M is s = 1 then we have 

STi = Ti , ST i ={-l) D T i . (3.9) 

Now by using (I3.6P and (13. 7p from (13. 5p we have 

Q" = Q< - [ftfj, Q'\ + 0%. (3.10) 

We can write Q" in the form 

g" = F m T m + F i f j . (3.11) 

If we use this expression in (13.81) with the help of (13. 9p we see that 

F l = (-1) D * F\ (3.12) 

Thus the on-shell form of Q" must be 

Q" = F m T m + {-1) D * F l fi. (3.13) 

This form of the doubled current which is solely written in terms of the origi- 
nal field strengths F l when inserted in (13. 4p should lead us to the second-order 
field equations (I2.26p . In this way we can determine the structure constants 
of the algebra generated by (13. ip . If we perform the above mentioned sub- 
stitution we get 

= dF m T m + F m T m A F n T n + (-1)°^*^)^ 

+ {-l) D F m T m A *F i f i + (-1) D * FX A F m T m (3.14) 
+ *F i f i A*F j fj. 

The first two terms are automatically zero from (12. 9p . If we assume that 
D > 2 the last term also vanishes. Now if we define 

[T m ,TA=D l mi T l , (3.15) 

and use the fact that the generator {7}} are linearly independent from (13.141) 
we read 

d(*F l ) = -D l mi F m A *F\ (3.16) 
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Multiplying both sides by T m i and summing on the index m gives 

d(T ml * F m ) = -T kl D k nm F n A *F m . (3.17) 

Now comparing this result with the second-order field equations (I2.26P reveals 
the desired structure constants. From this comparison we find that 

TkiD^m = Cf n T mk . (3.18) 

Now to extract the structure constants from (13. 18j) if we define the matrices 
T, D n , C n as 

(T) l k = T lk , (D n ) l k 
then we have 

D n = -T- l ClT , 

which completely determines the remaining structure constants of the dou- 
bled symmetry algebra. Finally to recover the first-order field equations if 
we insert (13.101) in (13. 8p after some algebra by also using (I3.15P we get 

{-l) D *F l = D l mj F m Aft + dfi. (3.21) 

By multiplying both sides with T m \ and summing on m then also by using 
(ESU) we find that 

(-l) D T ml * F m = C? m T 3n F m A & + Tmd? 1 . (3.22) 

We realize that under the field redefinitions 

A n = -T jn &, (3.23) 

(13.22p and (12.221) are the same equations. This is a legitimate result since the 
dual fields or the Lagrange multipliers are auxiliary fields which arise from 
the local integration or the first-order formulation of the theory. 

4 Conclusion 

After deriving the Bianchi identities for the field strengths of the scalar fields 
which constitute the principal sigma model Lagrangian for a Lie group tar- 
get space by parametrizing the exponential map we have considered these 



- D nk i (C n ) 1 k - C l nkl (3.19) 
D l nk = -{T~ l C T n T) l kl (3.20) 
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identities as constraints on the field strengths and by introducing Lagrange 
multipliers we have constructed the Bianchi Lagrangian. Treating the field 
strengths as independent fields we have derived the first-order field equa- 
tions of the theory after adding the Bianchi Lagrangian to the original one. 
We have also obtained the second-order field equations only in terms of the 
field strengths by differentiating these first-order equations. These first and 
second-order field equations are then used as building blocks of the dualisa- 
tion of the theory in section three where we have discovered the structure 
of the extended symmetry algebra which realizes these equations in a ge- 
ometrical formalism. To do this we have introduced dual fields and dual 
generators and doubled the content of the theory. After introducing an ex- 
tended parametrization map we have derived the structure constants of the 
dual generators so that the Cartan-form of the new map generates the field 
equations of the theory in the Cartan-Maurer equation. In this context the 
first-order field equations are also obtained from a twisted self-duality equa- 
tion of the Cartan-form. 

Our formulation extends the results of [T] to the most general class of 
principal sigma models. We have studied these models in their generic form. 
Therefore we have obtained results containing arbitrary structure constants 
and trace conventions. The dualisation of the principal sigma model com- 
pletes a discussion given in pQ which points to the enhanced symmetry study 
of the principal sigma model by dualizing it. In this direction depending on 
the extended algebra structure, the first and, the second-order field equa- 
tions of the present paper one may investigate the extended symmetries of 
the general principal sigma model. The symmetries of both the first and the 
second-order field equations derived here can also be studied and they can 
be compared with the extended symmetry algebra. 

In section three, although we have built our analysis on a dualized parametriza- 
tion map we have not questioned its geometrical meaning. We have simply 
considered this map as a differential form valued matrix which is a legitimate 
consequence of the matrix representation pre-assumed for the extended sym- 
metry algebra. One may furthermore work on the geometrical and the group 
theoretical aspects of this extended parametrization we have introduced to 
dualize the theory. Such an attempt would reveal a more generalized geomet- 
rical construction of the theory at the dualisation level. As a final remark we 
should state that apart from the dualisation of the general principal sigma 
model with a Lie group target space this work presents the first-order for- 
mulation of the theory which is an important result in its own respect. The 
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first-order field equations of the theory which are written in their generic 
form can provide essential tools in finding solutions even when the theory is 
coupled to various other fields. 
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